Abstract. We present procedures to calculate the set of Arf numerical semigroups with given genus, given conductor and given genus and conductor. We characterize the Kunz coordinates of an Arf numerical semigroup. We also describe Arf numerical semigroups with fixed Frobenius number and multiplicity up to six.
Also parameters of algebro-geometric codes associated to these semigroups are well understood [9] . Arf semigroups are acute semigroups, that is, the last interval of gaps before the conductor is smaller than the previous interval of gaps [6] .
In this manuscript we describe a way to calculate all Arf numerical semigroups with a prescribed genus and/or conductor. This is accomplished by means of Arf sequences, associating to each of these sequences an Arf numerical semigroup. We also characterize the Kunz coordinates of an Arf numerical semigroup.
In the last section, with the use of Apéry sets, we show how to parametrically describe all Arf numerical semigroups with fixed Frobenius number and multiplicity up to six.
The algorithms presented have been implemented in GAP [13] and will appear in a forthcoming version of the accepted GAP package numericalsgps [10] . The development version of numericalsgps is freely available at https://bitbucket. org/gap-system/numericalsgps. The reader interested in the implementation may have a look at the manual and the file arf-med.gi in the gap folder of the package.
Notation
We will follow the notation of [21] . The reader interested in plane curves and numerical semigroups can have a look at [3, Chapter 4] . A nice description of one dimensional analytically irreducible local rings and their value semigroups can be found in [4] (we also recommend this manuscript a good explanation on how the terminology used in numerical semigroups comes from Algebraic Geometry).
A numerical semigroup S is a submonoid of N, the set of nonnegative integers, under addition and with finite complement in N. A nonnegative integer g not in S is known as a gap of S, and the cardinality of the set of gaps of S, N \ S, is the genus of S (or degree of singularity of S, [4] ), denoted g(S).
As N \ S has finitely many elements, the set Z \ S (with Z the set of integers) has a maximum, which is known as the Frobenius number of S, F(S). In fact, the conductor of S, denoted here by c(S), is the Frobenius number of S plus one ( [4] explains the relationship with the conductor of the semigroup ring associated to S).
For a nonempty set of nonnegative integers A we denote by A = a∈A λ a a | λ a ∈ N for all a ∈ A , the submonoid of N generated by A, where the sums have all but finitely many λ a equal to zero. We say that A generates S if A = S, and that A is a minimal generating system of S if A generates S and no proper subset of A has this property. Every numerical semigroup S has a unique minimal generating system: S * \ (S * + S * ), where S * = S \ {0} [21, Chapter 1] . This minimal generating system must contain the multiplicity of S, denoted m(S), which is the least positive integer in S. The cardinality of S * \ (S * + S * ) is the embedding dimension of S. Since two minimal generators cannot be congruent modulo the multiplicity of S, it follows that the embedding dimension of S is less than or equal to its multiplicity. Numerical semigroups attaining this upper bound are called maximal embedding dimension numerical semigroups. There are many characterizations of the maximal embedding dimension property. One of them is the following (see for instance [4] or [21, Chapter 2] ): a numerical semigroup has maximal embedding dimension if and only if for every x, y ∈ S \ {0}, the integer x + y − m(S) is in S.
We are interested in this manuscript in a subfamily of maximal embedding numerical semigroups, which is the set of Arf numerical semigroups. A numerical semigroup has the Arf property if for every x, y, z ∈ S with x ≥ y ≥ z, we have x + y − z ∈ S (from this definition it follows easily that Arf numerical semigroups have maximal embedding dimension). The Arf property on S is equivalent to: 2x − y ∈ S for every x, y ∈ S with x ≥ y.
Let I ⊆ Z. We say that I is a relative ideal of S if I + S ⊆ I and there exists an integer i such that i + I ⊆ S. Given I and J ideals of S, the set
is again an ideal of S, as it is nI = {i 1 + · · · + i n | i 1 , . . . , i n ∈ I} [4] . The Lipman semigroup of S with respect to I is defined as
and it is also called the semigroup obtained from S by blowing-up I [4, Section I.2].
An ideal I is proper if I ⊆ S. There is only a maximal proper ideal of S with respect to set inclusion, and this ideal is precisely M(S) = S * (so numerical semigroups are "local"). We will refer to L(S) = L(S, S * ) as the Lipman semigroup of S. It can be shown (see for instance [4, I.2.4] ) that if {n 1 , . . . , n e } = S * \(S * +S * ) is the minimal generating set of S with n 1 < · · · < n e , then L(S) = n 1 , n 2 − n 1 , . . . , n e − n 1 . Example 1. Let S = 3, 5, 7 = {0, 3, 5, →} (here → denotes that all integers larger than 5 are in the semigroup; we are denoting in this way that the conductor of S is 5). Then L(S) = 2, 3 and L(L(S)) = N. We obtain in this way a multiplicity sequence 3, 2, 1 of the successive blowing-ups with respect to the maximal ideal.
Observe that in this setting S = {0, 3, 3 + 2, 3 + 2 + 1, →}. If we repeat this calculations with T = 3, 5 , then we have again L(S) = 2, 3 and L(L(S)) = N; whence the multiplicity sequence here is the same. However T is not the semigroup "spanned" by this multiplicity sequence, which in this case is S.
The property that pops up in the above example is not accidental. Indeed by [4, Theorem I.3.4] , a numerical semigroup S has the Arf property if and only if
where L i (S) is defined recursively as follows: L 0 (S) = S and for every positive integer i,
. The integer n can be taken to be the minimum such that L n+1 (S) = N; and so m(L n (S)) ≥ 2.
Arf sequences
We say that a sequence of integers (x 1 , . . . , x n ) is an Arf sequence provided that
The following result (rephrased to our needs) supports this notation.
Proposition 1 ([17, Corollary 39])
. Let S be a nonempty proper subset of N. Then S is an Arf numerical semigroup if and only if there exists an Arf sequence (x 1 , . . . , x n ) such that S = {0, x n , x n + x n−1 , . . . , x n + · · · + x 1 , →}.
Proof. Notice that in [17, Corollary 39 ] the condition on x 1 is x 1 ≥ 1. Notice that we can omit all x i = 1 in the sequence since in this way the resulting semigroup is the same, and we are considering the multiplicity sequence up to L n (S) = N and L n+1 (S) = N.
Given an Arf sequence (x 1 , . . . , x n ), we will denote by S(x 1 , . . . , x n ) the associated Arf numerical semigroup given in Proposition 1, and we will say that it is the Arf numerical semigroup associated to (x 1 , . . . , x n ).
Hence for every Arf sequence (x 1 , . . . , x n ), S(x 1 , . . . , x n ) is a numerical semigroup not equal to N and with the Arf property. And given an Arf numerical semigroup S = N, according to (1) and Proposition 1, if n is a positive integer such that
is an Arf sequence. This proves the following.
Corollary 2. Let S be the set of Arf sequences, and let A be the set of all Arf numerical semigroups. The mapping
is a bijection, and its inverse is the
It is then clear that counting Arf numerical semigroups is tightly related to counting Arf sequences. Moreover, if we are looking for numerical semigroups with a prescribed genus or Frobenius number, the following result will be of great help. Proposition 3. Let (x 1 , . . . , x n ) be an Arf sequence. Then (i) F(S(x 1 , . . . , x n )) = x 1 +· · ·+x n −1 (and thus c(S(x 1 , . . . ,
Proof. In order to ease the notation, set S = S(x 1 , . . . , x x ), which by Proposition 1 we know it is an Arf numerical semigroup. From the very construction of S, we have that the conductor of S is at most x 1 + · · · + x n . (i) From the above paragraph, it suffices to show that x 1 + · · · + x n − 1 ∈ S. But this follows easily from the fact that x 1 ≥ 2. (ii) We can explicitly write the set of gaps of S,
It follows that g(S) = (x n −1)+(x n−1 −1)+· · ·+(x 1 −1) = x 1 +· · ·+x n −n.
The set of Arf numerical semigroups with given conductor
Let c be a positive integer. In light of Corollary 2 and Proposition 3, in order to calculate the set of Arf numerical semigroups with conductor c we only have to calculate some specific integer partitions of c, and then their images via the map S. We can compute the set of integer partitions of c with the help of [14] or the built-in GAP command partitions, and either filter those having 1's or while constructing them avoid 1's in the partition. However, the number of partitions grows exponentially (for instance NrPartitions(100) in GAP yields 190569292), and then we must choose which partitions are Arf sequences. We do not have, as in the case of saturated numerical semigroups a "next" function that, given an Arf sequence, computes the next in a prescribed ordering [20] .
In this section we present an alternative to the approach of computing all partitions and filter those that are Arf sequence. The procedure dynamically calculates the set of all Arf numerical semigroups with conductor less than or equal to C. The main idea is based on the following result, which allows to construct all Arf sequences of length k + 1 from the set of Arf sequences of length k. Its proof follows directly from the definition of Arf sequence.
Proposition 4. Let S be the set of all Arf sequences and let k be a positive integer.
(
Let us denote by S k the set of all Arf sequences of length k, and for a positive integer n, set
As a consequence of the last result and that x 1 ≥ 2 we obtain the following. We use (x, y], with x, y ∈ N, to denote the interval of real numbers r such that x < r ≤ y.
In light of Proposition 3 (i) and Corollary 5, for the calculation of set of Arf numerical semigroups with conductor less than or equal to c it is enough to calculate S k (c) for k ∈ {1, . . . , c/2 } (notice that the elements in an Arf sequence are greater than or equal to 2). This is described in Algorithm 1.
Algorithm 1: ArfNumericalSemigroupsWithConductorUpTo
Data: A positive integer c Result: The set of all Arf numerical semigroups with conductor less than or equal to c Figure 1 shows the number of Arf numerical semigroups of Frobenius number up to 100. We already have many functions in the package numericalsgps computing families of numerical semigroups with a given Frobenius number, and thus we decided in our implementation of Arf numerical semigroups with given conductor to use the Frobenius number instead. The calculation of the table took 36 seconds on a laptop. However, we still do not know how many numerical semigroups there Figure 2 compares the number of numerical semigroups with given Frobenius number that are saturated (as calculated in [20] ) with those that are Arf.
Example 2. Let us compute the set of numerical semigroups with conductor less than or equal to six and with the Arf property. By Figure 1 we already know that we have ten of them (eleven counting N: 1+1+1+2+2+4; we have to go up to Frobenius number 5). As we have pointed above we must calculate S k (6) for k ∈ {1, 2, 3}.
• S 1 (6) = {(2), (3), (4), (5), (6)},
• S 3 (6) = {(2, 2, 2)}. Now we have to translate these sequences to numerical semigroups via the map S. For instance S(2, 3) = {0, 3, 5, →} = 3, 5, 7 . We then obtain Finally, we have to add N. In a GAP session with the package numericalsgps we would proceed as follows: [ 2, 5 ] , [ 3, 5, 7 ] , [ 4, 6, 7, 9 ] , [ 3, 7, 8 ] , [ 2, 7 ] ] As we mentioned in the introduction, adjoining the Frobenius number to an Arf numerical semigroup yields another Arf numerical semigroup. Figure 3 represents the Hasse diagram of all numerical semigroups conductor less than or equal to 6 and with the Arf property.
Arf numerical semigroups with given genus
As in the previous section we are again interested in Arf sequences with particular characteristics. In this case, by Proposition 3 (ii), the length of the sequence is also relevant. If we fix the genus g, we need to calculate, for every suitable k, S k (g + k), and then take the union of all of them. Also, in contrast to the conductor case, k can range up to g, since g(S(x 1 , . . . , x n )) = x 1 + · · · + x n − n ≤ g and x i ≥ 2, forces 2n − n ≤ g, that is, n ≤ g.
In order to use recursion we must be able to construct S k+1 (g + k + 1) from S k (g + k). We can do this by using Corollary 5 with
Algorithm 2 gathers the procedure to calculate all Arf numerical semigroups with genus up to g. The set of all Arf numerical semigroups with genus less than or equal to g for k ∈ {1, . . . , g} do
Example 3. Let us apply the procedure in this section to calculate all Arf numerical semigroups with genus less than or equal to 5. We have to compute g k=1 S k (g + k).
•
Next, we have to compute the image of each of them under S, and finally add N. In GAP, we can do this with the package numericalsgps as follows.
gap> lag5:=ArfNumericalSemigroupsWithGenusUpTo(5);; gap> List(lag5,MinimalGeneratingSystem); [ [ 1 ] , [ 2, 3 ] , [ 2, 5 ] , [ 2, 7 ] , [ 2, 9 ] , [ 2, 11 ] , [ 4, 6, 9, 11 ] , [ 3, 5, 7 ] , [ 3, 8, 10 ] , [ 4, 6, 7, 9 ] , [ 5, 7, 8, 9, 11 ] , [ 3 .. 5 ] , [ 3, 7, 8 ] , [ 4, 7, 9, 10 Notice that in contrast to the sequence of the number of Arf numerical semigroups with given Frobenius number (Figure 1) , we see in Figure 4 , that in the case of counting with respect to the genus, the resulting sequence is increasing.
From [23, Section 2], we know that the tree of Arf numerical semigroups is a binary tree. This tree is constructed as follows.
Let A be a nonempty set of positive integers with greatest common divisor one. The intersection of all Arf numerical semigroups containing A is an Arf semigroup (every numerical semigroup containing A must also contain A ; whence there are only finitely many containing A). We denote by Arf(A) this numerical semigroup.
Given an Arf numerical semigroup S, we say that A is an Arf system of generators of S if Arf(A) = S; and it is a minimal Arf system of generators if no proper subset of A has this property. The elements of A are called minimal Arf generators of S.
The tree of Arf numerical semigroups is constructed recursively by removing minimal Arf generators greater than the Frobenius number for each semigroup in the tree. Lemma 12 in [23] states that at most two minimal Arf generators are greater than the Frobenius number of an Arf semigroup, and according to its proof these are the Frobenius number plus one and plus two. This is why the tree is binary. Also, a leaf in this tree is an Arf numerical semigroup with no minimal Arf generators above its Frobenius number.
The absence of leafs would explain the increasing of the sequence in Figure 4 . However this is not the case, there are plenty of leaves in this tree. For instance, F(Arf(5, 7)) = 8, and consequently Arf (5, 7) is a leaf in the binary tree of Arf numerical semigroups (this example has genus 6, all the semigroups appearing in Example 3 have descendants in the tree). Figure 5 depicts the binary tree of Arf numerical semigroups up to genus 6; the shaded node corresponds to the unique leaf in the tree of all Arf numerical semigroups. Each layer corresponds to a different genus.
Fixing the genus and the conductor
In this section we are interested in calculating the set of all Arf numerical semigroups with fixed genus g and conductor c. It is well known, and easy to prove, that if S is a numerical semigroup, then 2g(S) ≥ c(S) (see for instance [21, Lemma 2.14]). From the definition of genus and Frobenius number it also follows easily that g(S) ≤ F(S). The only numerical semigroup with genus equal to zero is N; so we may assume that 1 ≤ g ≤ c − 1 < 2g. As a consequence of Proposition 3, we have the following restriction on the lengths of Arf sequences yielding semigroups with prescribed genus g and conductor c. (x 1 , . . . , x n ) be an Arf sequence and let S = S(x 1 , . . . , x n ). Then n = c(S) − g(S).
The correctness of Algorithm 3 follows from the next two observations. If (x 1 , . . . , x n ) is an Arf sequence and c(S(x 1 , . . . , x n )) = c, then by Proposition 3,
Algorithm 3: ArfNumericalSemigroupsWithGenusAndFrobeniusNumber Data: Positive integers g and c with 1
The set of all Arf numerical semigroups with genus g and conductor c n = c − g; Figure 6 depicts Arf numerical semigroups with genus g ranging from 1 to 20 and conductor from g + 1 to 2g.
Kunz coordinates of Arf numerical semigroups
Let S be a numerical semigroup and s ∈ S * . Recall that the Apéry set of s in S is defined as Ap(S, s) = {n ∈ S | n − s ∈ S}.
It is well known (see for instance [21,
Observe that for every z ∈ Z, there exists k ∈ N and i ∈ {0, . . . , s − 1} such that z = ks + w(i). Moreover, z ∈ S if and only if k ≥ 0 (see [21, Chapter 1] ). We will use this well known fact implicitly in this section.
If in addition S is an Arf numerical semigroup and m is its multiplicity, then we know that S has maximal embedding dimension and thus (Ap(S, m) \ {0}) ∪ {m} = {m, w(1), . . . , w(m − 1)} is the minimal generating system of S.
For every k ∈ {1, . . . , m − 1}, w(k) = x k m + k for some positive integer x k . We say that (x 1 , . . . , x m−1 ) are the Kunz coordinates of S [15] . Notice that in this definition we can take k = 0 and obtain x 0 = 0. We are not including x 0 in the sequence of Kunz coordinates because it is always 0. We will use this implicitly in what follows.
We will fix the multiplicity, m, and for an integer i, we will write
(the remainder of the division of i by m). Every Arf numerical semigroup has maximal embedding dimension, and thus its Kunz coordinates fulfill the following system of inequalities [22] .
(3)
for all i ∈ {1, . . . , m − 1},
Notice also that for every i, j ∈ {0, . . . , m − 1}, w(i) + w(j) ∈ S and w(i) + w(j) ≡ i + j (mod m). Hence w(j) + w(j) = km + w(i + j). This implies that g (w(i) + w(j) − w(i + j))/m ∈ N. So we define the cocycle of S with respect to m as
Next we see how the Arf condition is written in terms of cocycles. Given a rational number q, denote by
Lemma 7. Let S be a numerical semigroup with multiplicity m. Then S is an Arf numerical semigroup if and only if for every i, j ∈ {0, . . . , m − 1},
Proof. Suppose S is an Arf numerical semigroup. For any i, j ∈ {0, . . . , m − 1}, define t =
. Then w(j) + mt ≥ w(i). If w(i) ≥ w(j), then w(j) + mt, w(i) ∈ S. By the Arf property 2w(j) + 2mt − w(i) ∈ S. This element can be expressed as
and so it belongs to S if and only if h(j, j) − h(2j − i, i) + 2t ≥ 0. Now if w(i) < w(j), then w(j) ≥ w(i) − mt, and w(j), w(i) − mt ∈ S. By the Arf property we deduce in this case that 2w(j) + tm − w(i) ∈ S. Arguing as above we deduce that this occurs if and only if h(j, j) − h(2j − i, i) + t ≥ 0.
For the converse, let x ≥ y ∈ S. We can write x = w(j) + am, y = w(i) + bm for some i, j ∈ {0, . . . , m − 1} and a, b ∈ N. Put again t =
By the condition x ≥ y, we have w(j)+am ≥ w(i)+bm, and consequently a−b ≥ t.
, which by (4) is nonnegative. This forces 2x − y ∈ S.
Arguing as in the preceding case, (4) ensures that 2x − y ∈ S.
Let us now translate cocycles to the language of Kunz coordinates. Lemma 8. Let S be a numerical semigroup with multiplicity m and Kunz coordinates (x 1 , . . . , x m−1 ).
Proof. By definition h(i, j) = (w(i) + w(j) − w(i + j))/m. This can be expressed in terms of Kunz coordinates as h(i, j) = (x
The proof now follows from the equality (i + j − i + j)/m = (i + j)/m .
Notice also that
With this and Lemma 8 we can translate Lemma 7 to Kunz coordinates.
Proposition 9. Let S be sa numerical semigroup with multiplicity m and Kunz coordinates (x 1 , . . . , x m−1 ). Then S has the Arf property if and only if for any i, j ∈ {0, . . . , m − 1},
Proof. From Lemma 8 and (6) we obtain
Now we apply Lemma 7 and we are done.
Arf numerical semigroups with low multiplicity
In this section we focus on the parametrization of Arf numerical semigroups with multiplicity up to six and given conductor. To this end, we need some preliminary results.
The following well known result will be used to provide upper bounds for the conductor of a numerical semigroup. (ii) If w(j) < w(j − 1), then, as above, w(j − 1) − w(j) + 1 ∈ S. Thus w(j) + (w(j −1)−w(j)+1) = w(j −1)+1 and w(j) are both elements of S. So, c ≤ w(j −1) by Lemma 10. This has the corresponding consequence on Kunz coordinates.
Corollary 12. Let S be an Arf numerical semigroup with multiplicity m, conductor c and Kunz coordinates (x 1 , . . . , x m−1 ). For every i ∈ {2, . . . , m − 1}, Let S be a numerical semigroup with multiplicity m and conductor c. As every nonnegative multiple of m is in S and c − 1 ∈ S, it follows that c ≡ 1 (mod m).
The following lemma shows that w(1) and w(m − 1) are completely determined by the conductor and m in an Arf numerical semigroup.
Lemma 13. Let S be an Arf numerical semigroup with multiplicity m and conductor c. Proof. We know that c ∈ {0, 2, . . . , m − 1}.
Let us first consider the case c = 0. Since ms ∈ S for all s ∈ N, ms + 1 ∈ S and ms + m − 1 ∈ S for s < 
As a consequence of Lemma 15, in the Arf setting, we can add more inequalities to the above system of inequalities. Proof. Notice that w(2k) = x 2k m+2k ≤ w(k)+k = (x k m+k)+k, and so x 2k ≤ x k . For the other inequality, observe that
, and consequently x m−2k ≤ x m−k + 1.
7.1. Arf numerical semigroups with multiplicity one. The only numerical semigroup with multiplicity one is N, which is trivially Arf.
7.2.
Arf numerical semigroups with multiplicity two. Numerical semigroups with multiplicity 2 are completely determined by their conductor. In fact, if S is a numerical semigroup with multiplicity 2 and conductor c, then c is an even number and S = 2, c + 1 . It is easily seen by directly applying the Arf pattern that every numerical semigroup with multiplicity 2 is an Arf numerical semigroup.
7.3. Arf numerical semigroups with multiplicity three. Numerical semigroups with multiplicity 3 or more are not completely determined by their conductor alone. The genus is needed to completely determine them [18] . In that paper, formulas for the number of numerical semigroups with multiplicity 3 having a prescribed Frobenius number or genus are given.
As we see next, if the Arf property is assumed, then the semigroup is fully determined by the multiplicity and the conductor.
Proposition 17. Let c be an integer such that c ≥ 3 and c ≡ 1 (mod 3). Then there is exactly one Arf numerical semigroup S with multiplicity 3 and conductor c given by
Proof. (i) If c ≡ 0 (mod 3), then w(1) = c + 1 and w(2) = c + 2 by Lemma 13. Thus S = 3, c + 1, c + 2 .
(ii) If c ≡ 2 (mod 3), then w(1) = c + 2 and w(2) = c by Lemma 13. Hence S = 3, c, c + 2 .
Example 4. The only Arf numerical semigroup with multiplicity 3 and Frobenius number 10 (conductor 11) is 3, 11, 13 = {0, 3, 6, 9, 11, →}. The only Arf numerical semigroup with multiplicity 3 and Frobenius number 11 (conductor 12) is 3, 13, 14 = {0, 3, 6, 9, 12, →}.
7.4.
Arf numerical semigroups with multiplicity four. In [18] , it is shown that numerical semigroups with multiplicity 4 are completely determined by their genus, Frobenius number and ratio (the least minimal generator greater than the multiplicity). Formulas for the number of numerical semigroups with multiplicity 4 and given genus and/or Frobenius number are also presented in that paper. Of course all those formulas can be expressed by using the conductor instead of the Frobenius number. Also in [5] formulas for the number of numerical semigroups with multiplicity 4 and fixed Frobenius number are given; these are obtained by means of short generating functions (also if we fix the genus and the Frobenius number). Let S be an Arf numerical semigroup with multiplicity 4 and conductor c. Then c ≡ 0, 2 or 3 (mod 4). The following proposition describes all Arf numerical semigroups with multiplicity 4 and conductor c. Proof. We first note that all the semigroups given in the proposition are Arf numerical semigroups.
Let S be an Arf numerical semigroup with multiplicity 4 and conductor c. As we have already noted, c ≡ k (mod m) where k ∈ {0, 2, 3}. We have w(3) = c − k + 3 and Lemma 13. (i) If c ≡ 0 (mod 4), then w(1) = c + 1 and w(3) = c + 3, which by Selmer's formulas is the largest element of Ap(S, 4). Since w(2) < c + 3, we conclude that w(2) = 4t + 2 with 1 ≤ t ≤ Proposition 18 can be used to count Arf numerical semigroups with multiplicity 4 and conductor c. Compare this result with the formula obtained for maximal embedding dimension numerical semigroups with fixed Frobenius number and genus, and multiplicity 4 given in [5] .
Let n A (c, m) denote the number of Arf numerical semigroups with multiplicity m and conductor c. Proof. We first note that all the semigroups given in the proposition are Arf numerical semigroups. Let S be an Arf numerical semigroup with multiplicity 5 and conductor c. As we have already noted, c − 1 cannot be a multiple of 5. So, c ≡ k (mod m) for some k ∈ {0, 2, 3, 4}. Lemma 13 asserts that w(4) = c − k + 4 and
Moreover, applying Lemma 15 (11) w ( 7.6. Arf Numerical Semigroups with multiplicity six. To determine all Arf numerical semigroups with multiplicity 6 and a given conductor c, we will make use of the ratio of a numerical semigroup. Recall that for a given numerical semigroup S, the ratio is the smallest integer in S that is not a multiple of its multiplicity, or in other words, the smallest minimal generator greater than the multiplicity [18] . We will use r to denote the ratio of S.
Let S be an Arf numerical semigroup with multiplicity 6 and conductor c. Then c ≡ 0, 2, 3, 4 or 5 (mod 6)).
Since c + 5 is the largest element of the minimal set of generators of S, as the second least element of the minimal set of generators for S, the ratio of S satisfies r ≤ c + 1.
The following proposition describes all Arf numerical semigroups S with multiplicity 6 and conductor c. 6 . Proof. We first note that all the semigroups given in the proposition are Arf numerical semigroups.
Let S be an Arf numerical semigroup with multiplicity 6 and conductor c. As we have already mentioned, c ≡ k (mod 6) for some k ∈ {0, 2, 3, 4, 5}. By Lemma 13, we have w(5) = c − k + 5 and (13) w (
Also, w(4) ≤ w(2) + 2 and w(2) = w(6 − 4) ≤ w(6 − 2) + (6 − 2) = w(4) + 4 by Lemma 15. Combining these two inequalities we get (14) w(4) − 2 ≤ w(2) ≤ w(4) + 4.
Let us also note that w(i) ≤ c + 5 for all i ∈ {1, 2, 3, 4, 5}. (13) . Also we have in this setting that r ∈ {w(2), w(3), w(4)}.
-If r = w(2), the definition of ratio yields w(2) ≤ c, w(2) < w(3) and w(2) < w(4). Hence w(3) = c + 1 by Lemma 11, and w(2) = w(4) − 2, or equivalently, w(4) = w(2) + 2 by (14) . Write w(2) = 6t + 2. Then w(4) = 6t + 4 and we obtain S = 6, 6t + 2, 6t + 4, c + 1, c + 3, c + 5 , (13) . In this case, c + 5 = w(3) is the largest element of Ap(S, 6). Since w(4) ≤ c, the ratio r of S is either w(2) or w(4).
-If r = w(2), then w(2) < w(4) and thus w(4) = w(2) + 2 by (14) . Write w(2) as w (2) (13) . In this case, c + 5 = w(4) is the largest element of Ap(S, 6). Using (14) , we obtain c + 5 = w(4) ≤ w(2) + 2 and then c + 3 ≤ w(2). This implies w(2) = c + 3. Therefore, either r = w(5) = c or r = w(3). If c is an integer such that c ≥ 6 and c ≡ 1 (mod 6)), then Proposition 22 can be used to count Arf numerical semigroups with multiplicity 6 and conductor c. if c ≡ 5 (mod 6).
